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Sequential Rank and Preference Learning with
the Bayesian Mallows Model

Qystein Sgrensen*®, Anja Stein!@®, Waldir Leoncio Netto®, and David S. Leslie*

Abstract. The Bayesian Mallows model is a flexible tool for analyzing data in
the form of complete or partial rankings, and transitive or intransitive pairwise
preferences. In many potential applications of preference learning, data arrive se-
quentially and it is of practical interest to update posterior beliefs and predictions
efficiently, based on the currently available data. Despite this, most algorithms
proposed so far have focused on batch inference. In this paper we present an
algorithm for sequentially estimating the posterior distributions of the Bayesian
Mallows model using nested sequential Monte Carlo. The algorithm requires min-
imal user input in the form of tuning parameters, is straightforward to parallelize,
and returns the marginal likelihood as a direct byproduct of estimation. We eval-
uate its performance in simulation experiments, and illustrate a real use case with
sequential ranking of Formula 1 drivers throughout three seasons of races.

Keywords: Mallows mixtures, partial rankings, particle filter, preference
learning, SMC2.

MSC2020 subject classifications: Primary 62L.12; secondary 62F07.

1 Introduction

Data in the form of rankings and preferences arise naturally across a variety of domains.
Examples include content recommendation based on click data (Liu et al., 2019b), al-
gorithm comparison (Rojas-Delgado et al., 2022), consumer preferences (Kamishima,
2003), grant panel reviews (Pearce and Erosheva, 2022), genome-wide transcriptomic
analyses (Eliseussen et al., 2022), analysis of mutual funds’ preferences for governance
structures (Yi, 2021), social hierarchies (Nicholls et al., 2022), and reinforcement learn-
ing from human feedback (Hwang et al., 2023). An early model for analyzing rankings
(Thurstone, 1927) assumed a judge ranks m items by assigning a score to each item, and
then ordering them according to the score. Further developments of this approach in-
clude the Plackett-Luce model (Luce, 1959; Plackett, 1975), the Babington Smith model
(Babington Smith, 1950), and the Bradley-Terry model (Bradley and Terry, 1952), all of
which are based on assigning real-valued utilities to each item, yielding a large number
of parameters to be estimated.

Now consider a collection of items A = {43, As,..., A}, and let p be a permu-
tation of the integers [m] := {1,2,...,m} denoting the items’ modal ranking in the
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2 Sequential Rank and Preference Learning

population of interest, such that p; denotes the modal ranking of item A;. For a partic-
ular individual, let A; > A; imply that the individual prefers A; to A;, and let r be the
permutation of [m] encoding the individual’s rankings. Mallows (1957) showed that if
the probability that an individual ranks a pair of items in agreement with their relative
position in p is given by

P(A; = Ajlp; < pj) =0.5+0.5 tanh {(p; — p;) log 0 + log ¢}

we obtain an exponential model P(r|p) o« exp{—ad(p,r)} for the observed ranking r.
When ¢ = 1, d(-, ) is Spearman’s rank correlation and when 6 = 1, d(-, -) is the Kendall
distance. The precision parameter « quantifies how far observed rankings typically are
from the modal ranking. Advantages of the Mallows model over utility-based models
include a lower number of parameters (« and p) and the fact that its support is defined
on the space of rankings. The model has later been extended to incorporate additional
distance functions (Diaconis, 1988) and to item-dependent precision parameters (Fligner
and Verducci, 1986). We refer to the reviews by Liu et al. (2019a) and Yu et al. (2019)
and the monograph by Marden (1995) for further details.

Vitelli et al. (2017) proposed a Bayesian Mallows model and a Markov chain Monte
Carlo (MCMC) algorithm for its estimation. Compared to other approaches focusing on
the Kendall or Cayley distances (Irurozki et al., 2018; Lu and Boutilier, 2014; Meila and
Bao, 2010), Vitelli et al. (2017)’s algorithm works naturally with any of the distance
functions proposed by Diaconis (1988) for the Mallows model, and it incorporates data
in the form of partial rankings or pairwise preferences. Its fully Bayesian approach allows
predicting users’ preferences of items they have not yet seen, allowing the model to be
used as a probabilistic recommender system (Liu et al., 2019b).

The MCMC algorithm of Vitelli et al. (2017) has some drawbacks, however. The
user has to set tuning parameters for the proposal distributions for precision parame-
ters, modal rankings, and latent rankings. It hence may require several pilot runs for
obtaining sufficient acceptance probabilities. Second, in settings where data arrive se-
quentially, updating the posteriors requires running the full algorithm from scratch. The
goal of this paper is to alleviate these issues. To this end, we propose a nested sequen-
tial Monte Carlo (SMC?) algorithm (Chopin et al., 2013; Fulop and Li, 2013), which
requires minimum user input and efficiently updates posterior distributions when new
data arrive. The algorithm is straightforward to parallelize and is an extension of the
work by Stein (2023), who proposed a sequential Monte Carlo (SMC) algorithm using
a resample-move scheme (Berzuini and Gilks, 2001).

A motivating example is shown in Figure 1, showing race results from the Formula 1
seasons 2022-2024.! We included the 16 drivers who completed 50 or more of the total
68 races, and computed rankings from the results of each race. If we assume that the
underlying skills of the drivers—as well as the performance of the cars and teams—are
relatively stable across the three seasons, the results of each race can be viewed as a
noisy assessment of the underlying true ranking. Using the SMC? algorithm proposed in
this paper we can easily update the posterior distribution for the ranking of the drivers
after each race. We will revisit these data in Section 5.

IData were downloaded from https://github.com /toUpperCase78/formulal-datasets
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Figure 1: Rankings of drivers based on race results in Formula 1 seasons 2022, 2023, and
2024. Vertical dashed lines indicate the start of a season. Traces for the three drivers
with best mean ranking across all races are shown in color.

The paper proceeds as follows. In Section 2 we provide necessary background on the
Bayesian Mallows model. In Section 3 we propose an SMC? algorithm for the Bayesian
Mallows model with partial rankings or pairwise preference data. In Section 4 we report
the results of simulation experiments and in Section 5 we revisit the Formula 1 data.
We conclude and discuss further developments in Section 6. Section 1 of the Supple-
mentary Material (Sgrensen et al., 2025) shows an extension of the proposed algorithms
to sequential estimation of mixtures of Mallows models, and Section 2 of the Supple-
mentary Material discusses in detail the generation of latent rankings. An R package
providing an interface to our C++ implementation is available from GitHub? and R
code for reproducing all the results in the paper is available from our OSF repository.

2 Background and Model Setup

We now introduce the Bayesian Mallows model (Crispino et al., 2019; Vitelli et al.,
2017).

2.1 Mallows’ Model for Partial Rankings and Pairwise Preferences

Let P,, denote the space of all permutations of [m]| and consider rankings r € P, of
a set of items A distributed according to a Mallows model (Diaconis, 1988; Mallows,
1957; Vitelli et al., 2017)

p(rl0) = Z ()" exp{~ad(r,p)} L{r € P}, (1)

where 0 = {«, p}, 1{A} is an indicator function for the event A, o € Rx is a precision
parameter, and p € P, is the modal ranking. d(-, -) is a right-invariant distance function,

and
Z@)= Y ew{-ad(r.e)} )

rEPm

2https://github.com/osorensen/BayesMallowsSMC2
Shttps://osf.io/pqukd/
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4 Sequential Rank and Preference Learning

is the normalizing constant where e = (1,2,...,m)’".

A ranking 7 is a latent variable, and observations y are distributed according to
p(y|r,0). The marginal likelihood of N observations y1.y = {y1,Y2,...,Yn} is

p(y1:n|0) = H Z (« Z exp {—ad (T, p)} pe (Ynlrn) (3)

TnE€Pm

where p.(yn|ry,) is the sampling distribution of the observed rankings given the latent
rankings where € is an error parameter to be introduced later. Here and in the sequel,
Greek letter subscripts imply conditioning.

Complete rankings correspond to pe(yn|r,) = 1{y, = 7, }. For top-k,, rankings with
k, € [m] we define the set of items ranked by user n as A, = {A; € A : rp; < ky}
whereas for ranks missing completely at random we let A,, define the set of ranked
items. In both cases we have pe(yni|rn) = 1{yn; = rni} for i : A; € A,,. Defining the set
of latent rankings consistent with the observations

n:{TEPm:(ri:yniVi:AiEAn)} (4)

with the complete data case given by S,, = {y,}, the marginal likelihood (3) reduces to

p(y1nl0) = HZ Y exp{-ad(rn.p)}. (5)

Tn€Sn

When the data contain pairwise preferences for p, < (Z’) pairs of items, let y,;
denote the i’th pairwise preference of user n. We define the function

0 if yp; = (As = A¢) and (rps < 7nt)

9 (ynisTn) = {1 if yni = (As = Ay) and (rps > Tnt)

indicating whether the pairwise preferences contradict the latent rankings. Assuming
a true latent ranking exists, inconsistencies arise due to errors made by the users.* If
errors occur independently at rate e € [0, 1], the direction of the preference relation for
the ¢’th pair in vy, has distribution

1—e€ if g(yni,Tn) =0
De (ynil'rn) = . ( )
€ if g (yni,mn) = 1.

Setting € > 0 allows mutually incompatible preferences (Crispino et al., 2019), and the
marginal likelihood (3) becomes

€

2?21 g(ynian)
p(yinl6) = Hz Y ewlcado} (1) (1- e

Tn€Pm

— €

4This assumption is indeed a mathematical idealization, as empirical evidence suggest that human
preferences are inherently non-transitive (Kahneman and Tversky, 1979).
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where 6 now also contains €. To only allow mutually compatible pairwise preferences we
set € = 0 and define the set of latent rankings consistent with y,, as

Sp={r € P : (As = Ai) €tc(yn) & 1rs <11}, (6)

where tc(y,,) is the transitive closure of the directed acyclic graph induced by the
pairwise preferences. In this case we can compute the marginal likelihood using (5),
replacing S,, from (4) with S,, from (6).

2.2 Prior Distributions

For the precision parameter a we follow Crispino et al. (2019) and use a gamma
prior with shape v > 0 and rate A > 0, 7(a) = MT(y) ta?"te=** where ['(y) =
fooo t7~Le~tdt. Similar to Vitelli et al. (2017), for the modal ranking we use a uniform

prior on P, 7 (p) = (m!) "' 1{p € Pn}.

With non-transitive pairwise preferences, we use the Bernoulli model of Crispino
et al. (2019) with a truncated Beta prior on [0,0.5), m(e) o €711 — €)®2~11{e €
[0,0.5)}. A model without non-transitive pairwise preferences corresponds to the limit
k1 — oo and kg — 0, which means that e is fixed to 0 and can be ignored in the
analyses. Crispino et al. (2019) also considered a logistic model, in which the logit of
the error probability depends on the distance between the items in the latent ranking.
While sequential inference with this logistic model is in principle straightforward, we
do not consider it further in this paper for ease of presentation.

2.3 Distance Functions and Normalizing Constants

Consider two rankings a,b € P,,. Cayley distance measures the minimum number
of pairwise swaps needed for converting a into b, two algorithms for which are given
in Marden (1995, pp. 25-26). Ulam distance can be defined as m minus the length
of the longest common subsequence of the item orderings corresponding to a and b.
We further have Spearman distance d(a,b) = |la — b||3, Kendall distance measuring
the number of discordant pairs d(a,b) = 377", 327", 1{(a; — a;)(b; — b;) < 0}, the
footrule d(a,b) = 37" | |a; — b;|, and Hamming distance d(a,b) = >""", 1{a; # b;}.

The choice of distance in the Mallows model (1) is ultimately linked to the appli-
cation at hand. For example, Hamming distance is not likely to work well under the
ranking and preference applications considered in this paper but arises naturally when
the Mallows model is used for matchings, e.g., when tracking a number of known ob-
jects using noisy sensors (Irurozki et al., 2019). Similarly, Cayley distance is suitable
when total disorder is of interest (Crispino et al., 2019), whereas footrule, Kendall, and
Spearman distance are most appropriate for preference data. Crispino et al. (2019) gives
an example of two rankings a = (1,2,3,4,5) and b = (5,2,3,4,1). Their Cayley dis-
tance (normalized to be in [0, 1]) is 0.25, whereas the normalized footrule, Kendall, and
Spearman distances are 2/3, 0.7, and 0.8, respectively. If a and b represent positions on
a genome they can be seen as close, and the Cayley distance may be most appropriate.
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On the other hand, if @ and b represent preferences for five items, they are far apart and
one of the latter three distances are better. An in-depth comparison of Cayley, Kendall
and Ulam distances can be found in Ceberio et al. (2015) and further discussion in
Diaconis (1988, Ch. 6).

Computing the normalizing constant Z(«) as in (2) requires summing over |P,,| =
m! terms, but tractable exact expressions exist for Cayley, Kendall, and Hamming dis-
tances (Fligner and Verducci, 1986; Irurozki et al., 2018). Furthermore, since d(r,e)
takes on a set of [ < m! values D = {dy,da,...,d;}, we can define L; = {r € Py, :
d(r,e) = d;} and write Z(a) = Zézl |L;le=di. For the footrule, [ = O(m?), for Spear-
man distance [ = O(m3), and for Ulam distance | = O(m) (Crispino, 2018; Crispino
et al., 2023; Irurozki, 2014; Irurozki et al., 2016). Unfortunately, while the set of dis-
tances D is well known, finding the cardinalities |L;| is hard. The Online Encyclopedia
of Integer Sequences (Sloane, 2023) contains |L;| up to m = 50 for the footrule, m = 20
for Spearman distance, and m = 60 for Ulam distance. Beyond these upper limits,
asymptotic approximations exist for the footrule and Spearman distances (Crispino
et al., 2023; Mukherjee, 2016), and an importance sampling scheme has been developed
by Vitelli et al. (2017). The latter can in principle be run to arbitrary precision, and
importantly, estimates of the partition function can be precomputed for a given number
of items m over a grid of « values (Sgrensen et al., 2020). Thus, in the rest of this paper
we assume that Z(«) is available and that its Monte Carlo error (if any) is negligible
compared to the Monte Carlo error of the proposed SMC? algorithm. In the simulations
and application examples, the number of items m is always such that Z(«) is known
exactly.

3 Sequential Inference in the Bayesian Mallows Model

Now assume data become available sequentially at timepoints t = 1,2,...,T, and let
yz, contain partial rankings or pairwise preferences for new users entering the pool at
time ¢, where Z; C N is the set of user indices. Let Z7.; = U?let contain the indices of
all users in the pool at time . We assume throughout that a given user enters the pool
only once, i.e., that Z,NZ; = () if s # t. The target distribution is 7 (6, rz,,,|yz,.,), with
static parameters 8 = {a, p, e} and latent rankings rz,,. The goal is to estimate the
target distribution at all timepoints, in order to continuously perform inference based
on the currently available evidence.

Sequential Monte Carlo (SMC) (Dai et al., 2022) typically scales better than MCMC
for these types of problems, as the latter needs to be completely rerun at each new time-
point. Stein (2023) considered SMC for sequential inference in Bayesian Mallows models
using a resample-move framework (Berzuini and Gilks, 2001). Unfortunately, such meth-
ods were designed for cases either with only static parameters or latent variables which
can be easily integrated out. Integrating over the latent rankings is computationally
demanding and we thus instead base our methodology on SMC? (Chopin et al., 2013;
Fulop and Li, 2013) which uses particle marginal Metropolis-Hastings (Andrieu et al.,
2010) in the rejuvenation step and was developed specifically for settings with challeng-
ing latent variable distributions. We extend the SMC? framework by incorporating the
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hybrid particle MCMC sampler proposed by Mendes et al. (2020) to allow a combination
of Gibbs sampling and Metropolis-Hastings steps.

To set the notation, assume we have R particles each containing static parameters
0" = {a", p",e"} and to each of these we attach S additional particles containing the
latent rankings for the users entered up to timepoint ¢, r;:t Here and in what follows,
superscripts r and s are assumed repeated for all r = 1,2,...,R and s = 1,2,...,S.
If the data consist of either partial rankings or consistent pairwise preferences we have
€" = 0 and this parameter can be ignored.

The building blocks of the algorithm are particle filters for latent rankings and
cluster labels (Section 3.1), iterated batch importance sampling for the static parameters
(Section 3.2), and a rejuvenation algorithm (Section 3.3).

3.1 Particle Filters for Latent Rankings

Define ancestor indices aj_; indicating which particle at time ¢ — 1 is the ancestor of

particle s at time ¢, and set the initial value af = s. At timepoint ¢, er{_ll denotes
the latent rankings of user n € Z;.;1 in particle s. The r superscripts linking latent
rankings to static parameter particles are omitted for ease of notation. Algorithm 1
approximates mg(rz, ) = p(rz,..|Yz, .+, 0) for fixed 6.

Algorithm 1 Particle Filter.
1: fort=1to T do
2: if ¢t > 1 then

3: Sample ai_; € [S] with probabilities th_’ie.
4 Set r;, ; rZ%t’jl for all n € Z7.4_1.
5: end if
6: Sample r;, , ~ qo(+|S,) for all n € ;.
7 Compute weights
exp{—ad(ry,.p)} [ e \Z olmorii)
wh = ’ G-
’ Z()qo(ry, 1|Sn) \1—¢€
nel; )
8: Normalize weights
wS
s t,0
t0 = =85 (8)
Zs:l w;ﬂ
9: end for

In Algorithm 1 line 4 ensures that estimated latent rankings for all users are available
at each timepoint, but can be omitted to reduce the memory cost. On line 6, S,, is given
by (4) in the case of partial rankings, (6) in the case of consistent pairwise preferences,
and P, in the case of non-transitive pairwise preferences. We present the details of
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these proposal distributions in Section 2 of the Supplementary Material (Sgrensen et al.,
2025).

The expression for the weights (7) is based on Step 2(c) of Chopin et al. (2013,
Section 2.1) which in our notation becomes

fo (v, vzt ) pe (s,

s _
wt,@ - R a;_,
at,0 (TI,,‘TL,I)

. . . . a;_ .
Because independent users arrive at each timepoint, 77, and r;."' are independent
given 6 and we get

o (rilr ) = o) = 11

nel,

1 S
7@ exp {—ad (rn’“p)} .

Next, it follows from Section 2.1 that

i € ngit g(yni""fx,t)
pelwmlrz) =TT (1) (1

€
nel;

which simplifies to pc(yz,|r7,) = 1 when ¢ = 0 and where p,, ; denotes the number of
pairwise preferences in y,, for some n € Z;. The proposal distribution is

ao (rz, 5 ) = TT a0 (7 lSn) -
nel;
These three expression combine to yield (7). For the special case ¢ = 0 we recover the
weight update formula in Algorithm 12 of Stein (2023).

In the resampling step on line 3 in Algorithm 1, as well as in the resampling steps
of all subsequent algorithms, both multinomial resampling and the lower variance al-
ternatives residual resampling (Liu and Chen, 1998), stratified resampling (Kitagawa,
1996), and systematic resampling (Kitagawa, 1996) can be used and are part of our
implementation. We refer to Douc and Cappe (2005) and Hol et al. (2006) for details.

We also note the important fact that the quantity

¢ 5

. 5 1 1 .

Zy (H,T%‘li,a%;f,l) =Gt H { wt’,e} (9)
t'=1 \s=1

is an unbiased estimator of the marginal likelihood p(yz,.,|0) (Del Moral, 2004, Section

7.4.1).

Conditional Particle Filter

To allow particle Gibbs sampling in the rejuvenation step, we need a conditional particle
filter (Andrieu et al., 2010) for which the full ancestral history of a given particle T’%:T is
fixed. This particle filter is shown in Algorithm 2 and yields samples approximately dis-
tributed according to p(rI_fT |yz,..,0,7%, ), where k € {1,2,...,5} and rffT denotes
the set of all particles except particle k.
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Algorithm 2 Conditional Particle Filter.

k

1: Condition on a trajectory r%:T with ancestral lineage b’jﬁ = k and b} = agt“,
t=T-1,...,1.

2: fort=1to T do

3: if ¢t > 1 then

4 For s # bf sample aj_, € [S] with probabilities W5 ,.

5 Set r;, , ert‘_ll for all n € Zy.4—1.

6 end if

7: For s # bf sample 75 , ~ qo(+|Sn,) for all n € T,.

8 Compute weights using (7) and normalize them using (8).
9: end for

3.2 SMC? Algorithm

The top-level algorithm for sampling the static parameters is an extension of iterated
batch importance sampling (Chopin, 2002) which uses the particle filters of the previous
section to integrate out the latent variables, and is stated in Algorithm 3. Since the
particle filters yield unbiased estimates of the marginal likelihood, Algorithm 3 targets
the correct posterior distribution 7(6|yz,,) at each t = 1,2,...,T (Chopin et al., 2013).

Considering Algorithm 3, first note that equation (10) is an unbiased estimator of

p(yIt|y11;t_1a9T) = H Z(ar)il Z exp{iard (rnapr)} . (13)

nely Tn€Sn
The marginal likelihood increments are given by

R
P (yIt|yII:t—1) = ZQT Xp (yIt|yII:t—170T) (14)

r=1

and can be used to estimate the unconditional marginal likelihood
t
pyn.) = [15(vzluz,.o ) (15)
=1

The rejuvenation threshold A can be set to R/2. As in Fulop and Li (2013), we
iterate the rejuvenation algorithm at least once, and stop when the number of unique
particles exceeds A or when some upper limit on the number of iterations is reached. If
the acceptance rate in the rejuvenation step is below some threshold B, which we set
to B = 0.2 here, the number of particle filters is doubled. The doubling on lines 10-
13 implements the exchange importance sampling step of Chopin et al. (2013, Section
3.6.1). The components in (12) are readily available from the call to Algorithm 4 in the
rejuvenation step.
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Algorithm 3 SMC? Algorithm.
1: Sample 8" = {a", p", "} from their priors and set w” + 1.
2: fort=1to T do
3: Perform iteration ¢ of the particle filter in Algorithm 1 with # = 8" and compute

S
A Yl 1 S
p (yztlyl—l:t—170 ) = g Zwt,e' (10)
s=1
4: Update and normalize importance weights
T T A r r w"”
W S w Xp (yIt,|yIm,7170 ) ; "= R . (11)

27“:1 w”

Compute the effective sample size ESS = {Zle(QT)Q}*l.

5:
6: if ESS < A then
7 Sample a] € [R] with probabilities Q" and set (0", w") < (6%, 1).
8: Rejuvenate with Algorithm 4, letting ¢ denote the acceptance rate of (17).
9: if ( < B then .
10: Set S = 2S and sample i* € [S] for § =1,...,S with probabilities Wigr-
1 Set {755 ali 1} ¢ {rf,, ol 1} and @}y ¢ wi
12: Update the particle weight
t S -5
- t'=1 {25:1 wt,m}
w4 w" (S/S)t - 3 . (12)
Ht’:l {Zs:l th,OT}
13: Update S « S.
14: end if
15: end if
16: end for

Parallelization

To reduce the amount of communication between nodes, it seems most sensible to
parallelize the top-level Algorithm 3 rather than the particle filters. There are two main
approaches to this in the literature (Dai et al., 2022; Naesseth et al., 2019). Jun et al.
(2012) and Murray et al. (2016) use the fact that the weight updates in equations
(10)-(11) can be done independently for each of the R particles. However, computing
effective sample size and subsequently resampling requires communication between the
nodes, and hence makes its implementation complicated.

A more straightforward approach, which we use in this paper, is what Naesseth et al.
(2019) call importance weighted SMC samplers. In this case the full algorithm with R
particles is run independently on P different nodes. Let 8™P denote the rth particle of
the SMC? algorithm run on the pth compute node and Q™? its weight, for r = 1,..., R
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and p=1,..., P. Also let p(yz,.,)? denote the marginal likelihood estimate (15) from
the p’th node. The combined set of particles {#™P} with weights

) p
QP % Pp(yzfl:T) / (16)
Zp’:l p(yII:T)p

now yield a consistent estimate of the target distribution as P — oo for any R (Naesseth
et al., 2019, Section 4.4.1). The combined estimate of the marginal likelihood itself can

be obtained by direct averaging, p(yz,..) = 25:1 yz, . )7 | P.

Prediction of Latent Rankings

Predicting the latent rankings rz, of the users entering at time ¢ is a filtering problem,
and we can obtain R samples, weighted by Q", from p(rz,|0,yz,,,) by drawing an index
s ~ M(W/}) for each particle r (Chopin et al., 2013, Section 3.3), where M(:) denotes
a multinomial distribution.

Sampling from the posterior P(rz, |0, yz,.,) of the latent rankings of all users entered
until time ¢ can be done identically, but requires storing the full path for each particle.
That is, if we draw a particle with index s we need to trace its latent variables according
to its genealogy back until time 1. As noted by Chopin et al. (2013), this storage
requirement can be avoided by triggering the particle doubling step in Algorithm 3
whenever a complete trajectory of the latent variables are needed, and then sampling
an index s ~ M(W/y) for each r € [R].

3.3 Rejuvenation

The rejuvenation step prevents degeneracy by moving each particle independently with
an MCMC kernel. The original SMC? rejuvenation algorithms of Chopin et al. (2013)
and Fulop and Li (2013) used particle marginal Metropolis-Hastings, but we instead
use the algorithm proposed in Mendes et al. (2020) which combines particle marginal
Metropolis-Hastings with particle Gibbs. This is useful in the present case because the
error probability € as well as the cluster probabilities discussed in Section 1 of the
Supplementary Material (Sgrensen et al., 2025) can be sampled conditionally, whereas
the dispersion parameter o and the modal ranking p require a Metropolis-Hastings
algorithm. For ease of notation, now let 7' denote the current value ¢ of SMC? at the
moment the rejuvenation algorithm is called. Also define a A b = min{a, b}.

Algorithm 4 starts by computing the variance of «, using unweighted formulas be-
cause we always resample before rejuvenating. These variances are used for tuning the
random walk proposal on line 4. Next, on line 2, we sample a complete particle history

rg,T from the particle filters previously run with the parameter value . On line 4,

LS() denotes the leap-and-shift proposal defined in Algorithm S6 in Section 3 of the
Supplementary Material (Sgrensen et al., 2025). To avoid introducing another tuning
parameter, and to keep the proposal symmetric, we set leap size to 1. The extension to
larger leap sizes is straightforward, and we refer to Vitelli et al. (2017, Section 2.4) for

details.



12 Sequential Rank and Preference Learning

Algorithm 4 Rejuvenation Algorithm.

Compute 62 = RZT (o —a)? Wherea— RZT Lol

Sample k € [S] with probabilities W}

while btopping criterion not met do -
Sample o’ ~ log N (loga”,62) and p’ ~ LS (p”) and set 6’ « {c/, p', €}.
Run a particle filter (Algorithm 1) for t = 1,2,...,7 and compute

T
ZT (9/ T%1ST7 1: :H{lzth’}’

6: Sample k' € [S] with probabilities W%g, (from particle filter).
7: Set (0", k) « (0, k') with probability

Zr (0,715 XS "\
W Sy () vty an)
Zr (0 ,Tzl:Tv%iT—l) @

8 Computea= > S g(yni, k), b= > S [1— g(yni,r¥)], and sample
n€liy n€ly:y

€ ~ f(e) oxx eTIHa(1 — )2~ 1010 € [0,0.5)}.

9: Set 0" « {a”,p", €'}

10: Run Algorithm 2, conditional on r§ = {r}},ecz,,, fort =1,2,...,T.
11: Sample k € [S] with probabilities W15, (from conditional partlcle ﬁlter).
12: end while ’

On line 5 a new particle filter is run in order to compute the marginal likelihood of
the proposed parameters. On line 6 we sample a proposal &’ for a new particle history
to condition on, using the weights from the particle filter run on line 5. The proposals
0’ and k' are accepted with probability given by the Metropolis-Hastings ratio (17) in
which the last two terms follow directly from the gamma prior.

On line 8 we sample the error probability from its conditional posterior (Crispino
et al., 2019, p. 504). Lines 10 and 11, which consist of running a conditional particle
filter and sampling a new k € [S] are necessary for computing the denominator in (17)
in the next iteration.

A reasonable stopping criterion which is computationally easy to check is that the
number of unique parameters exceeds some threshold, say R/2. However, the Gibbs
sampler is guaranteed to produce new values of ¢” when we have non-transitive pairwise
preferences, and hence we are guaranteed to have R unique particles after a single itera-
tion of the algorithm. If this is sufficient, lines 10-11 can be skipped and no conditional
particle filter needs to be run. On the other hand, this may lead to degeneracy in o and
P, so in this case it might be more useful to monitor to the number of unique values of
«”, and stop the rejuvenation when this number exceeds R/2.
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Figure 2: Average wall times (left), average posterior mean of « (center), and average
posterior mean of the footrule distance to the true ranking (right), for simulations with
complete rankings.

4 Simulation Experiments

We here report results of simulation experiments aimed at testing the proposed algo-
rithms. The R packages Repp (Eddelbuettel and Frangois, 2013) and ReppArmadillo
(Eddelbuettel and Sanderson, 2014) were used as interfaces to the C++ implementa-
tion of our algorithms, which made heavy use of the Armadillo library (Sanderson and
Curtin, 2016). Our parallelization of SMC? used the futures framework (Bengtsson,
2021), through the furrr package (Vaughan and Dancho, 2021). Pre- and post-processing
of data, as well as visualization, was done mainly with the set of R packages provided
by the tidyverse (Wickham et al., 2019).

4.1 Complete Rankings

To study the performance of SMC? in a sequential inference case with complete rankings,
we generated 100 datasets with complete rankings from the Mallows model with the
footrule distance using the sampling algorithm of Vitelli et al. (2017, Appendix C). In
all simulations there were m = 10 items and N = 1000 users and the scale parameter
was « = 0.1. The users were assumed to enter one at a time, yielding 1,000 timepoints.
For all simulated datasets the algorithm was run in parallel on P cores, with P €
{1,2,4,6,8} and R = 5000/P particles, using multinomial, residual, stratified, and
systematic resampling. The gamma prior for o had shape v = 1 and rate A = 0.5 and
the resampling threshold was A = R/2. Since the likelihood increments are analytically
given by (13), the number of particle filters was fixed to 1 and the doubling threshold B
in Algorithm 3 set to 0. Simulations were run on a MacBook Pro with a 32 GB Apple
M1 Max chip.

The simulation results are summarized in Figure 2. The left plot illustrates how the
computing time depends on the resampling scheme and parallelization. Regarding the
former, all four resampling schemes performed equally fast. Furthermore, the plot shows
a clear benefit of parallelization, although with slightly diminishing returns: doubling
the number of cores from 1 to 2, 2 to 4, and 4 to 8, respectively, led to factors 1.93, 1.82,
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and 1.76 speed-up, respectively. The average time with eight cores was 16.5 seconds. For
comparison, batch estimation with MCMC with a burnin-in period of 1,000 iterations
and 5,000 post-burnin iterations took on average 3.2 seconds.

The center plot in Figure 2 shows the posterior means of « for different numbers of
cores. MCMC batch estimation had average posterior mean at 0.100 with 95% Monte
Carlo interval (0.099,0.101), suggesting that the posterior mean on average was very
close to the data generating value. SMC? had a slight negative bias® when using a single
core, with the upper limit of 95% Monte Carlo intervals lower than 0.100. With eight
cores there was a tendency towards positive bias, but in this case all the Monte Carlo
intervals covered the true value. Finally, the rightmost plot in Figure 2 shows the average
posterior mean footrule distance to the true ranking. The differences between cores and
resampling methods for the posterior mean of d(p, p) are well within 95% Monte Carlo
confidence intervals, which are not included in the plots for ease of visualization.

4.2 Top-k Rankings

We next considered the case in which users provide top-3 rankings of m = 10 items. As in
Section 4.1, the users were assumed to arrive sequentially, one at each timepoint. A total
of 80 random datasets were simulated, with N = 200 users, scale parameter o = 0.3, and
footrule distance. Since each user had only ranked three out of ten items, the particle
filter in Algorithm 1 now had to be run to integrate over the remaining seven items for
each user. The total number of particles was set to R = 3000 which were processed in
parallel on 20 cores and combined using (16). The resampling threshold was A = R/2
and the threshold for particle filter doubling was set to an average acceptance rate
B = 0.2 in the rejuvenation step. The initial number of particle filters per core was set
to S = 20. Both uniform and pseudolikelihood proposals were used for latent rankings,
cf. Section 2 of the Supplementary Material (Sgrensen et al., 2025). Simulations reported
here and in Section 4.3 were run on the high performance computing cluster Fox provided
by the University of Oslo.

Table 1 shows simulation results after the final timepoint. The third column shows
that the final estimate of o was close to the true value in all cases. With pseudolike-
lihood proposal, residual resampling gave the lowest posterior mean distance to the
true ranking, closely followed by multinomial resampling. With both proposals, system-
atic resampling gave the highest posterior mean distance to the true ranking. Overall,
the statistical performance of uniform and pseudolikelihood proposal seems comparable.
Processing a single dataset on eight cores took on average between 14.7 and 18.0 minutes
when using uniform proposal, and between 257.3 and 269.2 minutes with pseudolike-
lihood proposal. In contrast, obtaining 10,000 posterior draws using batch estimation
with MCMC took on average five seconds.

Figure 3 shows the number of particle filters per core as a function of time (left) and
the resampling probability per core as a function of time (right). The plots for pseudo-
likelihood proposal were almost identical, and are not shown. The curves were obtained

5With bias we mean systematic deviation from the average posterior mean, here computed using
MCMC batch estimation with a sufficient number of post burn-in samples. This is not necessarily equal
to the data generating value @ = 0.1, although it was very close in this case.
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Proposal Resampler e d(p, p) Time (minutes)
Multinomial ~ 0.302 (4e-04) 3.2 (0.019) 269.2 (1.9)
. Residual 0.304 (3e-04)  3.20 (0.018) 262.3 (1.7)
Pseudolikelihood g - i6ed 0,300 (30-04)  3.42 (0.018)  261.6 (1.7)
Systematic ~ 0.303 (3e-04) 3.54 (0.020) 257.3 (1.7)
Multinomial ~ 0.293 (3¢-04) 3.40 (0.017) 15.0 (0.1)
Uniform Residual 0.205 (3¢-04)  3.40 (0.017) 14.7 (0.1)
Stratified  0.296 (3e-04) 3.38 (0.020) 16.0 (0.1)
Systematic ~ 0.295 (3e-04) 3.62 (0.021) 18.0 (0.2)

Table 1: Results of simulations with sequentially arriving top-3 rankings. Values o and
d(p, p) are Monte Carlo averages of the posterior means, with standard errors in paren-
theses.
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Figure 3: Number of particle filters per core and resampling probability for simulations
with sequentially arriving top-3 rankings. Shaded regions are 95% confidence bands.

by fitting generalized additive models (GAMs) with ten thin-plate regression splines
(Wood, 2003) as basis functions to the number of particle filters and a binary resam-
pling indicator, respectively. A unit link function was used for the number of particles
and a logit link for the resampling indicator, and smoothing was done with restricted
maximum likelihood. The left plot shows that the number of particles grows close to
linearly. This is expected from Theorem 1 of Andrieu et al. (2010), which implies that
the number of particle filters must grow linearly with the number of observations for
the acceptance rate to stay constant. The right plot shows that the resampling proba-
bility decreases with the number of timepoints. Since each resampling step is followed
by one or more rejuvenation steps, this means that as rejuvenation becomes more com-
putationally demanding due to more observations, it also becomes less frequent. This
behavior agrees with what is expected from theory; in particular, Theorem 1 and Section
4.3 of Chopin (2002) predicts that the time interval between each time when resam-
pling is needed should increase geometrically in the total number of observations, which
would produce an exponentially decaying curve (see also Proposition 17.1 in Chopin
and Papaspiliopoulos, 2020).
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Figure 4: Trace plots of posterior means. Thin black lines shows the posterior probability
for a single dataset and thick blue lines are GAM fits.

4.3 Pairwise Preferences

We next simulated consistent pairwise preference data by first generating complete
rankings of m = 5 items with p = (1,2,...,5)" and o = 0.3 for 200 users, and then ran-
domly selecting four implied pairwise preferences for each user. The users were assumed
to arrive sequentially, one at each timepoint. The process was repeated 30 times, and
each dataset was processed in parallel on 30 central processing units (CPUs), each with
S = 100 particles. The initial number of particle filters was 20, residual resampling was
used, and all other parameters were as described in the previous sections.

Across the 30 datasets, the average posterior mean of « at the final timepoint was
0.329, with 95% Monte Carlo interval (0.327,0.331). For comparison, the average poste-
rior mean of « obtained by MCMC estimation with 20,000 post-burnin iterations on the
same datasets was 0.308 with 95% Monte Carlo interval (0.306,0.310), suggesting that
SMC? was slightly positively biased in this case. The average wall time for computing
the posterior for a simulated dataset was 2.0 minutes, compared to 7.3 seconds for batch
estimation with MCMC.

Figure 4 (left) shows how the posterior expectation of a evolved as more data became
available, with initial rapid fluctuations followed by a stabilization close to the true
value of 0.3 after about 100 timepoints. The center plot in Figure 4 shows the posterior
probability that item 1 is preferred to item 2 in the modal ranking, and the right plot
show the posterior probability that item 1 is preferred to item 3. As expected, the latter
converges more quickly to one than the former. In particular, for three of the simulated
datasets P(p1 < p2) was below 0.5 even after the final timepoint, implying that items 1
and 2 were “flipped” in the posterior distribution, while P(p; < p3) was close to 1 for
all datasets.

4.4 Timing Comparisons for Sequential Estimation

To compare the relative speed of SMC? and MCMC for sequential estimation, we per-
formed an additional set of experiments in which a set of users were assumed to arrive
one at a time, and the posterior had to be updated after the arrival of each new user.
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Figure 5: Wall time for sequential estimation with complete rankings (left), top-5
rankings (center), and top-3 rankings (right). Shaded areas are 95% confidence inter-
vals.

For MCMC, this requires rerunning the whole algorithm at each timepoint, whereas for
SMC? a single iteration of Algorithm 3 is sufficient.

For a total number of timepoints equal to 10, 30, 50, 70, and 90 we generated
100 random datasets with m = 10 items and o = 0.1. In addition to the complete
rankings case, we also did experiments in which only the top-5 or the top-3 items were
retained. For each simulated dataset, 5,000 samples from the posterior distribution
were obtained. For MCMC we used a burn-in of 1,000 and no thinning, so that a total
of 6,000 iterations were run each time a new observation arrives. We confirmed that
the burn-in was appropriate for the data in multiple pilot runs, where we also set the
standard deviation of the proposal distribution for a to 0.01 and the leap size of the
leap-and-shift proposal for p to 1 as these values gave acceptance rates of at least 20%
in the pilot runs. For SMC?, the number of particles was set to 5,000 which were either
processed on a single core or in parallel on eight cores. The initial number of particle
filters was set to 1, and the thresholds for resampling and particle filter doubling were
set identically to Section 4.2. We emphasize that it is hard to ensure that the effective
posterior sample size obtained from SMC? and MCMC are identical and hence obtain
decisive evidence of which algorithm is faster. Our goal here was rather to understand
the scaling behavior of the respective algorithms for sequential estimation, and how this
depends on the amount of missing data.

The results are shown in Figure 5. In all cases, MCMC scaled approximately quadrat-
ically. On the other hand, SMC? on a single core and on eight cores scaled close to lin-
early with complete rankings. In the case with missing rankings, SMC? scaled quadrati-
cally, but remained faster than MCMC in the top-5 case. In the top-3 case, however, the
computing time for SMC? grew more quickly with the number of users than MCMC.
Closer examination of the data revealed that this was due to the particle filter doubling
required to properly integrate over the latent variables in these cases.
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5 Sequential Analysis of Formula 1 Data

We now analyze the Formula 1 data introduced in Figure 1. As mentioned in the in-
troduction, the rankings were derived from the results of each race. Whenever a driver
either was disqualified, did not finish a race, or did not start, the ranking for the par-
ticular race was set to missing and assumed to have a higher value than all the ranked
drivers. This yielded a missingness proportion of 12.7%. Each race n € {1,...,68} was
hence modeled as an assessor yielding a top-k,, ranking, with k, equal to the number
of drivers completing the race.

We computed the posterior distribution of the Bayesian Mallows model with footrule
distance sequentially using the SMC? algorithm with R = 10° particles and S = 10
initial particle filters. We used multinomial resampling, uniform latent rank proposal,
resampling threshold A = R/2, and threshold B = 0.2 for particle filter doubling.
We confirmed that the number of particle filters was sufficiently large by running
the model multiple times with different random number seeds and checking that the
posterior quantities of interest remained essentially the same. At the final timepoint,
the posterior mean of the scale parameter o was 0.170 with 95% posterior interval
(0.165,0.178).

At each timepoint we computed the cumulative probability (CP) consensus based on
the current posterior distribution. The CP consensus (Vitelli et al., 2017, Section 5.1)
was computed by first selecting the driver with the highest posterior probability of being
ranked first. Then among the remaining drivers we found the driver with the highest
posterior probability of being ranked first or second, and so on. The resulting trace
plots are shown in Figure 6, in which the solid black lines indicate the CP consensus
ranking of each driver and the color scale indicates the posterior probability. Note that
by construction, the posterior probability for the driver whose CP consensus equals
16 — the number of items — always has probability 1, since all drivers must be ranked
16 or better. Also note that the true ranking p is assumed to be constant, and that
Figure 6 shows how our posterior belief about this parameter develops as we obtain
more data.

Some interesting features can be seen from Figure 6. First we note that the CP
consensus changes quickly during the first ten races, as more data is incorporated into
the posterior and the effect of the uniform prior fades. Correspondingly, the probabil-
ity for the drivers ranked as best after the first rounds is relatively low. For example
Charles Leclerc is ranked first in the first eight timepoints, with a probability between
0.16 and 0.76 and Carlos Sainz is ranked second during the first three timepoints, with
a probability between 0.29 and 0.65. After the first ten races the consensus stabilizes.
For example, Max Verstappen is ranked first for the first time after the eighth race
with a probability of 0.91 and retains this rank until the last timepoint with a proba-
bility exceeding 0.99 from the thirteenth timepoint and onward. However, there is also
movement in the later timepoints; for example, Charles Leclerc climbs from rank 8 at
timepoint 54 to rank 4 at the final timepoint.
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Figure 6: CP consensus over time for Formula 1 drivers. The black lines show the CP
consensus ranking, and the color scale shows the posterior probability of having the
given ranking or higher.

6 Discussion

We have proposed an SMC? algorithm for sequential estimation of the Bayesian Mal-
lows model. The algorithm naturally incorporates data in the form of partial rankings
and both transitive and non-transitive pairwise preferences, and is straightforward to
parallelize. Compared to MCMC, the algorithm is competitive in use cases where data
arrive sequentially and the posteriors of interest need to be recomputed for each new
data batch. In batch estimation problems, on the other hand, MCMC has been faster
in all cases considered in this paper.

A number of future extensions are possible. First, conditioning on the full particle
history in the conditional particle filter may lead to a high degree of degeneracy (White-
ley, 2010), with the consequence that a large number of particle filters is required to
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obtain a sufficiently accurate approximation of the conditional posterior. Backward sam-
pling has been shown to considerably decrease this degeneracy (Lindsten and Schon,
2012), and would be interesting to consider in the current setting. Next, a challenge with
SMC? is that its computational complexity grows quadratically with time, as the plot
for top-3 rankings in Figure 5 (right) illustrates. A related nested particle filter algo-
rithm which scales linearly with time has been proposed by Crisan and Miguez (2018).
Since their algorithm requires the parameters to be real-valued, it is not directly appli-
cable to the Mallows model, but creating such an extension is an interesting problem
for future research. Another extension of practical interest is to allow users to provide
updated rankings, e.g., comparisons of previously unseen items. Stein (2023, Ch. 6)
proposed an algorithm for this in the case of partial rankings, in which users whose
new data contradicted their current latent rankings were removed from the pool and
then reentered. An extension of this approach to SMC? would likely require a particle
filter which performs this type of correction while still yielding unbiased estimates of
the marginal likelihood p(yz,,,|0), as equation (9) does in the current case where new
users arrive at each timepoint. Finally, it may be of interest to let some or all of the
parameters in # depend on time, e.g., to monitor how preferences in a population evolve.
An MCMC algorithm for time-varying modal ranking p has been proposed by Asfaw
et al. (2017), but sequential estimation is likely a good alternative in this case. More
recently Piancastelli and Barreto-Souza (2025) have proposed a model for timeseries of
rankings, based on the Mallows model. In this model, complete or partial rankings of
a set of items are assumed to be observed on a relatively large number of timepoints,
and rather than estimating the consensus ranking the focus is on timeseries parameters
describing the dynamics by which the modal ranking changes over time.

Another interesting possibility is to use the proposed algorithm in a sequential ex-
perimental design framework. For example, at a given timepoint, the items to be ranked
or compared by the next user could be determined by a utility function seeking to max-
imize the information about some posterior quantity of interest, e.g., whether an item
A is preferred to another item Ay in the modal ranking. Examples of similar uses
of SMC include estimation of generalized (non-)linear models (Drovandi et al., 2013),
model selection (Drovandi et al., 2014), and hierarchical models (McGree et al., 2016).
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Generalization to Mixtures of Mallows Models and Proposals for Latent Rankings (DOTI:
10.1214/25-BA1564SUPP; .pdf). The supplementary material shows the extension of the
algorithms to mixtures of Mallows models, and discussed in detail proposal distributions
for latent rankings.
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